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FOREWORD
The seven PGTsworking as members of faculty at KVS,ZIEMysore - Mr. K

Arumugam(Physics)Mr.S.KalusivalinganiMaths),Mr. M ReddenngGeo.) Mr. S.
Murugan (History),Mr. Hari Shankar(Hindi),Mr. JosephPaul(Econ.)and Mr. U.P
Binoy(Englishprepared StudyMaterialsfor ClassXlifor the academicyear2015
2016 in their respective subjects.

Allthesestudy materialsfocuson someselectaspects namely;
1 Gistof lessons/chapter

Markingscheme(CBSE)

Important questions
SolvedQuestionpaperswith valuepoint
Tipsfor scoringwell in the examination

=4 =4 -4 A

Theabovementionedsevenmembersof facultyat ZIETMysorehaveput in alot of
efforts and prepared the materialsin a period of two months. They deserve
commendatiorfor their singleminded pursuitin bringingout thesematerials.

Theteachersof these subjectsnamely,PhysicsMathematics,GeographyHistory,
Hindi, Economicsand Englishmay use the materialsin the month of January&
February2016for PreBoardExaminatiorrevisionandpracticepurposeslt ishoped
that thesematerialswill helpthe studentsperform better in the forthcomingBoard
Examinations.

Theteachersarerequestedto gothroughthe materialsthoroughly,andfeel free
to sendtheir opinionsand suggestiongor the improvementof thesematerialsto
kvszietmysore@gmail.cam

Dr.E.TARASU
DeputyCommissione& Director
KVSZIETMysore


mailto:kvszietmysore@gmail.com

PREFACE

It isa matter of greatpleasurethat after receivingencouragemenftrom our DeputyCommissioner
DR.E.TArasy | now present the thoroughly revised latest edition of STUDYATERIAIOF CLASXII
MATHEMAICSbasedon the latest syllabusand revisedquestionpaper pattern to be followed from 2015
onwards.
THESALIENFEATURES-THISSTUDWYATERIAAREASFOLLOWS,;

x It coversthe syllabus givenby CBSHEor the classXlIMathematics

x Gistof eachchapter

x Markingschemegivenby CBSE2015)

x  Two setsof solvedquestionpapers with valuepoints

x Twosets of modelquestionpapers-to be answered

x  Tipsfor pre-examinationand duringexamination

x Thematerialcanbe usedfor the purposeof revision

x  Allthe conceptsof the subjecthavebeenincludedin the material

| am surethis materialwill servethe purposeof helpingstudentsperform better in the BoardExamination.
However, suggestionsand commentsfrom the teachersand the studentsfor the improvementof this

materialwill be highlyappreciated.

Place:Mysore S.K.Sivalingam

Date:17/12/2015 FacultyZIET Mysore
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MARKINGCHEME

CourseStructure

Unit Topic Marks
l. RelationsandFunctions 10
II. Algebra 13
[ll.  Calculus 44
IV. Vectorsand3-D Geometry 17

V.  LinearProgramming 6
VI.  Probability 10
Total 100

Unit I: Relationsand Functions
1. Relationsand Functions

Typesof relations:reflexive, symmetric transitiveand equivalenceelations.Oneto oneandonto functions,
compositefunctions,inverseof afunction. Binaryoperations.

2. InverseTrigonometricFunctions

Definition, range,domain, principal value branch. Graphsof inversetrigonometric functions. Elementary
propertiesof inversetrigonometricfunctions.

Unit Il: Algebra
1. Matrices

Concept,notation, order, equality, types of matrices, zero and identity matrix, transposeof a matrix,
symmetric and skew symmetric matrices. Operation on matrices: Addition and multiplication and
multiplication with a scalar. Simple properties of addition, multiplication and scalar multiplication.
Noncommutativityof multiplication of matricesand existenceof non-zero matriceswhose product is the
zero matrix (restrict to squarematricesof order 2). Conceptof elementaryrow and column operations.
Invertiblematricesandproof of the uniquenes®f inverse|f it exists;(Hereall matriceswill haverealentries).



2. Determinants

Determinantof a squarematrix (up to 3 x 3 matrices), propertiesof determinants,minors, co-factorsand
applicationsof determinantsin finding the area of a triangle. Adjoint and inverse of a square matrix.
Consistencyinconsistencyand number of solutions of systemof linear equationsby examples,saving
systemof linearequationsin two or three variables(havingunique solution)usinginverseof a matrix.

Unit lll: Calculus
1. Continuity and Differentiability

Continuity and differentiability, derivative of composite functions, chain rule, derivatives of inverse
trigonometricfunctions,derivativeof implicit functions.Conceptof exponentialand logarithmicfunctions.

Derivativesof logarithmic and exponentialfunctions. Logarithmicdifferentiation, derivative of functions
expressedin parametric forms. Secondorder derivatives.Rolle'sand Lagrange'dMean Value Theorems
(without proof) andtheir geometricinterpretation.

2. Applicationsof Derivatives

Applicationsof derivativesrate of changeof bodies,increasing/decreasinfyinctions,tangentsandnormals,
useof derivativesin approximation,maximaand minima (first derivativetest motivated geometricallyand
secondderivative test given as a provable tool). Simple problems (that illustrate basic principles and
understandingof the subject aswell asrealife situations).

3. Integrals

Integration as inverse processof differentiation. Integration of a variety of functions by substitution, by
partial fractionsand by parts, Evaluationof simpleintegralsof the following typesand problems basedon
them.

J- dx Jn dx f dx J- dx j‘ dx
x2+a2’? [xZxa2’) JaZ—x2'? ax2+bx+e’) JaxZibxte

Xt —Pxta 2 1+ o2 N o a—
fmmmdx’f\/md"'f a* £ x* dx, [ Vx* —a® dx

[Vax? + bx + cdx, [(px + g)Vax? + bx + c dx

Definiteintegralsasa limit of a sum,Fundamentallheoremof Calculugwithout proof). Basicpropertiesof
definite integralsand evaluationof definite integrals.

4. Applicationsof the Integrals

Applicationsn finding the areaunder simplecurves,especiallylines, circles/parabolas/ellipsegn standard
form only), Areabetweenanyof the two abovesaidcurves(the regionshouldbe clearlyidentifiable).

5. Differential Equations
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Definition, order and degree, general and particular solutions of a differential equation. Formation of
differential equation whose general solution is given. Solution of differential equations by method of
separationof variablessolutions of homogeneousdifferential equationsof first order and first degree.
Solutionsof linear differential equationof the type:

dy/dx +py =q, wherep andq are functionsof x or constants.

dx/dy + px=q, wherep andq are functionsof y or constants.

Unit IV: Vectorsand Three DimensionalGeometry
1. Vectors

Vectorsand scalarsmagnitudeand direction of a vector. Directioncosinesand direction ratios of a vector.
Typesof vectors(equal,unit, zero, paralleland collinearvectors),position vector of a point, negativeof a
vector,componentsof a vector, addition of vectors,multiplication of a vector by a scalar positionvector of
a point dividing a line segmentin a given ratio. Definition, Geometricallnterpretation, properties and
application of scalar(dot) product of vectors, vector (cross)product of vectors, scalartriple product of
vectors.

2. Three- dimensionalGeometry

Directioncosinesanddirectionratiosof aline joiningtwo points. Cartesiarequationandvectorequationof
a line, coplanarand skewlines, shortestdistancebetween two lines. Cartesianand vector equation of a
plane.Anglebetween(i) two lines,(ii) two planes(iii) aline anda plane.Distanceof a point from aplane.

Unit V: LinearProgramming
1. LinearProgramming

Introduction, related terminology such as constraints,objective function, optimization, different types of
linear programming (L.P.) problems, mathematical formulation of L.P.problems, graphicalmethod of
solutionfor problemsin two variables feasibleand infeasibleregions(boundedand unbounded),feasible
andinfeasiblesolutions,optimal feasiblesolutions(up to three non-trivial constraints).

Unit VI: Probability
1. Probability

Conditionalprobability, multiplicationtheorem on probability.independentevents,total probability,Baye's
theorem,Randomvariableand its probabilitydistribution, meanandvarianceof randomvariable. Repeated
independent(Bernoulliltrials and Binomialdistribution.
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GISTOFCHAPTERS

Chapterl Relationsand Functions
Introduction:-
Anysetof orderedpairs(x,y) is calledarelationin x andy. Furthermore,
wThesetof first componentsin the orderedpairsis calledthe domainof the relation.
wThesetof secondcomponentsin the orderedpairsis calledthe rangeof the relation.

Relation - LetAandBbetwo sets.Thenarelation Rfrom set Ato SetBisasubsetof 0 0.

Typesof relations: -

Emptyrelation: Arelation Rin asetAis calledemptyrelation, if no elementof Aisrelatedto anyelement
of Ai

Universalrelation :Arelation Rin asetAis calleduniversalrelation, if eachelementof Aisrelatedto every
elementof A,i.e., R=AXA.

Equivalenceelation.: Arelation Rin asetAissaidto be anequivalenceelationif Ris reflexive,symmetric
andtransitive

ArelationRin asetAiscalled

() reflexive if (@, a) N R,for everyan~ A,

(i) symmetrig if (a,b)N Rimpliesthat (b,a)™ R,for alla,bN A.

(iii) transitive, if (a,b)N Rand(b,c)¥ Rimpliesthat (a,c)¥ R,foralla,b,cv A.
Function:

Afunction isarelation betweena set of inputsanda set of permissibleoutputswith the propertythat each
input isrelatedto exactlyone output. An exampleisthe function that relateseachreal numberxto its
squarex?.

Afunction isarelation for which eachvaluefrom the setthe first componentsof the orderedpairsis
associatedvith exactlyone valuefrom the setof secondcomponentsof the orderedpair.



INPUT x
t
(

FUNCTION f:

N
OUTPUT f(x)

x=01 23 INFUT

Function:
y=x

ODUTPUT X V= 0, 1’ 8’ 27

Typesof functions:

Oneone(or injective):

Afunctionf : X Yisdefinedto be one-one(or injective, if the images
of distinctelementsof Xunderf aredistinct,i.e.,for everya, bin X,f (a) =f (b)

impliesa =b. Otherwise f is calledmany-one

#1 function #2 1to 1 function
not 1to1l
{29, (4 5),(11,5) % {(29), (¢ 6),(11, 5} }
N,
7 ° g
> 6 :
" ~N 5 £
]
‘ :
Domain Range Domain Range
Horizontalline test: Y
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Tocheckthe injectivity of the function, f (x) =2x.Drawa horizontalline suchthat this line cutsthe graph
only at one place.Suchtypesof functionsare knownasone-onefunctions.

1

45

o »‘0\‘}0 L L0 1 "
I
\ 7

In this casewherethe line cutsthe graphof afunction at more than one place,the functionsare not one-
one.
Onto (or surjective:

Afunctionf : X Yissaidto be onto (or surjectivé, if everyelementof Yisthe imageof someelementof X
underf, i.e.,for everyyinY,there existsan elementx in Xsuchthat f (x) =vy.

-

: 2
ONTO FUNCTION )

"

Bijectivefunction:

Afunctionf : XYissaidto be one-oneandonto (or bijective, if f isboth one-one and onto.



13

(p) a bijection (q) not a bijection (r) not a bijection
SURJECTION INJECTION BIJECTION
XLy f \' " xC E \

Compositionof Functionsand Invertible Function

Letf: A Bandg: B Cbhetwo functions.Thenthe compositionof f andg, denotedby gof, isdefinedasthe
functiongof: A MhCgivenby gof(x) = g(f (X)), for all x A.

A B C

gof

Inverseof a BijectiveFunction

Letf: AfbBbeafunction.If, for anarbitraryx® Awe havef(x)=yN B,thenthe function,g: BIbA, given

by g(y)=x,whereyN BandxN A,is calledthe inversefunction of f.

. Inverse Functions

/




BinaryOperations

Abinaryoperationz onasetAisafunctionz : Ax AlThA.Wedenotez (a,b)byaz b.

Binay Operatiorn A binary operation ¥ @efined on set A is a functionfrom AxATHA. * (a, b) is
denotedby a* b.

Binay operation * defined on set A is saidto be commutatve iffa* b =b * a.
Binay operation * definedon set A is calledassociatie iff a*(b * c) =(a*b)*c

If * is Binay operation on A, then an elemente in A is saidto be the identity elementiff a* e =e
* aforeveryain A

Identity elementis unique.

If * is Bina'y operation on set A, then an elementb is saidto be inverseof aN Aiff a*b=b*a=e
Inverse of an element, if it exists, is unique.

14



15

Chapter2. InverseTrigonometrid=unctions

Inversetrigonometricfunctionsor cyclometricfunctions- are the so-calledinversefunctionsof the
trigonometricfunctions,whentheir domainarerestrictedto principalvaluebranchto makethe

trigonometricfunctionsbijective. Theprincipalinversesare listedin the followingtable.

: Rangeof usual Rangeof usualprincipal
: . Domainof x for o
Name Usualnotation = Definition real result principalvalue value
(radians) degrees)
arcsine y =sintx X=siny b1 M OKL L™ KXH/OK K H L90° Xy »O0°
arccosine y=cos! x X =C0oSsy b1 M OKL 0K/ K 0° 4y )XK180°
arctangent y=tan®x x=tany | allrealnumbers b- KHy<™ KH 590° )y HO0°
arccotangent y=cot!x x=coty | allrealnumbers O<y<~ 0°<y<180°
OMy <™ ko™ KH| 0°H<90°0r90°<yiX
ecant =sec! =sec 1
arcsecan y=sec X X=secy XN mr 1 K YK 180°
b KX¥My<0or0< £90° °or0°<
arccosecant y=csct x X=cscy XM ar 1K ad y HY A0 YK

X KH 90°

. P
Letustakeafunction” =S¥ xER VER Theinverseof thisfunctionisdefinedas* = 511" ¥ (Wemay

= 1 -l - - -
alsowrite” =5 X providedthe functionis both one-one andonto).


http://en.wikipedia.org/wiki/Radian
http://en.wikipedia.org/wiki/Degree_(mathematics)
http://en.wikipedia.org/wiki/Sine
http://en.wikipedia.org/wiki/Cosine
http://en.wikipedia.org/wiki/Trigonometric_functions
http://en.wikipedia.org/wiki/Cotangent
http://en.wikipedia.org/wiki/Trigonometric_functions#Reciprocal_functions
http://en.wikipedia.org/wiki/Cosecant

16
1

PR | .
Veryimportant: ' Y doesnot mean$™ Y . Thisisjusta notation givento write InverseTrigonometricFunction.

3 ¥ | In
—— T — T —_— e
I B R — AN L ox
| =2 —®N | ~JO & N | 2n Sn
e A i 2
Y’
y=sinx

T (T) e

We can easily verify 3 3 3 ) etc. Further any YER '[_1’1] is not an image. Hence, the

. -1 . o
function SIN X doesnot exst,asf isnot one-one andonto.

f —[-11]

Now considerthe function 272 ] definedby ¥ =/ (¥) =SINX 1t ishoth one-one and onto which

. : -l .
canbe visualizedrom the abovegraph.Hence,S1 ¥ exists.

-3t -m - T
2 72 272

.. etc.,keepingthe range [_ 1’1] the function becomesone-one andonto.

In fact, if we restrict the domain of the sin function to any one of the intervals
{n ?m:] [331: 531:

.-l
Then Y =/ (¥) =SI0" X is 4 function whose domain is [-11] and range is any one of the intervals
“3 -x) [-x x] [z 3] [ 5
2 72 272 (272 272

-1 - -1
].. etc., [pleaserecallthat if Y exists,f and / interchangetheir

-3t -1 -T T £3£
2 72 272 272

domainandrange.

Every branch of the graph of ¥ = sin.x correspondingto branches
3 5_ﬂ] [i T
2 2 givesa onegone and onto function. The graphin the branch 2 2] called the principle value

branch.

We can also justify our answer from the chapter Trigonometric Equations and General Values.

T - T
f(x)=sinx=£ T I8t x=" € 7,5]
2 has infinitely many solutions, 3, 3 , 3 , 3 X etc.. Thevalue is

calledthe principle value.
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sin” x& i,i
2 2

RVE]
sin” — =
2

T
We maysaythat 3 . Alsovalueof ] is calledthe principlevalue.

Similarlywe restrict the domainsof other trigonometricfunctionsto makeit invertible the table givenbelow
showsthe domainandthe rangeof the sixbasicinversetrigonometricfunction.

Thevaluesof domainandrangeindicatedfor different trigonometric,inversetrigonometricfunctionscanbe observed
from the graphsof trigopnometricfunctionsandtheir correspondingnversetrigonometricfunctions.

We candrawthe graphof ainversefunction of a function by takingimageon line y =x.

Letusapplythisto drawgraphofy = sin” x

5 3
e o= h . o=
A 2 -""f i R"" 2 i ™ I i Y
X'€& 2 T r, HE > X
=t -®"_ | ~OR" T | 21 5n
. | 2 5
Y’
y=sinx
Y Y
: M| )
m) | 2|/
2 /;" // ol
It ! + d
_/ 3 . 3% N
N, EZ \‘\ T ///
\\_ l AY ///
%-- s X 2Ir
’ 2| : =21 1~ 2 i~® T
X710 X X T 1 7|0 & ] ™ X
— —% St-n2
2. | N / —n
Sﬂ N p ,
_T —--: /// _ﬂ -——
Lo v 2 / v
rd
:r: _ _5‘_1; 5_3 o
2] N
s L 3 m 2y
X' N ] / ~1 = 70 N2 . andy=sin” x A
T N NET 403
2 2 -1 T w b
W %
Y \!
I_'L’ =LC05 X ¥ e———t X
_10[ /
LR
7 2
Ll-n
S3E[~,
2N\
—2mf—
yz
|




3. Thegraphof the functiony =tanxandy = tan ' x

y=tan"x

Note: Whenevemo branchof aninversefunctionis mentioned,we considerthe Principalvaluebranch.

PROPERTIESINVERSEIRCULARUNCTIONS

a1 _
sin” —=cosec”'x,x=1or x=-1
1. () X
cos' —=sec’ x,x=lorx=-1
(b) X
1
tan” —=cot™ x,x>0
() X

2. (a) sin”'(-x) = —=sin”' x, xE1[-1,1]

18



(o) tan " (=x) = —tan™' x, xER

(c) €08 ec” (-x) = —cosec”'x,| x|z 1

. (a) cos™'(-x) =m —cos” x, xE1[-1]]
(b) Ot (=x) =7 —cot™ x, xER

() sec”! (-x)=m - sec! x| x|=1

- , T
sin”' x + cos lx=5,x6[—1,1]

. (a)

- 4. W
tan”™' x + cot ]x=5,xER

(b)

cosec™'x +sec™

(c)

X=£,\x|zl
2

X+
tan” x+tan” y = tan" 2 xp <1

. (a) 1-xy

tan"' x —tan”’ y = tan”! xX=y

1 , Xy > =1
(b) + Xy

19
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Chapter3. Matrices

Definition: Amatrix Aisdefinedasan orderedrectangulararrayof numbersin m rowsandn columns.

Row matrix. A matrix canhavea singlerow A [ ai1ai2 aiz X aun)

Golumnmatrix: - A matrix canhavea singlecolumnA =

Zero or null matrix. ¢ A matrixis calledthe zeroor null matrixif allthe entriesare 0.

Suarematrix: - Amatrix for which horizontalandverticaldimensionsare the same(i.e.,an ¥ nmatrix).
Diagonalmatrix. - Asquarematrix A is calleddiagonalmatrixif aij=0 for .

Scalarmatrix - Adiagonalmatrix A is calledthe scalamrmatrixif all its diagonalelementsare equal.
Identity matrix :¢ Adiagonalmatrix A is calledthe identity matrixif aij=1fori=j ,it isdenotedby In.
Uppertriangularmatrix: - A squarematrix A is calleduppertriangularmatrixif aij=0 for

Lower triangularmatrix :- A squarematrix A is calledlower triangularmatrix if aij=0 for

Matrix operations

1. Definition: TwomatricesA and B canbe addedor subtractedif and only if their dimensionsarethe
same(i.e.both matriceshavethe identicalamountof rowsand columns.

2. Addition
If A andB are matricesof the sametype then the sumisamatrixC=
obtained by addingthe correspondingelementsa;+oj i.e A+B= Cif aj+bjj =G;

3. Matrix additionis commutative, associativeand distributive over multiplication
A+B=B+A
A+(B+C)=(A+B)+C
A(B+C)=AB+AC

(A+B)CAC+BC
Subtraction
If A andB are matricesof the sametype then the differenceis a matrix D = obtainedby
subtractingthe correspondinglementsaij- bj i.e A- B=Cif a; - bj =d;

Equalmatrices¢Twomatricesare saidto be equalif they havethe sameorder andtheir
correspondingelementsare alsoequali.e. A =B if aj=bjforalll,j.

Scalamultiplication- If A andB are matricesof the sane order andk, m are scalarghen, scalar
multiplicationis definedaskA=[kg].

K(A+B¥r KA+ KB
(m+n)A=mA+nA



http://mathworld.wolfram.com/Matrix.html
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8.  (mK)A=m(kA)=k(mA)

9. Matrix multiplication
Definition: Whenthe numberof columnsof the first matrix isthe sameasthe numberof rowsin the

secondmatrix then matrix multiplication canbe performed.

LetA andB. Thenthe productof AandBisthe matrix C,whichhasdimensionamxp. Theij"" elementof
matrix Cis found by multiplyingthe entriesof the it" row of Awith the correspondingentriesin the j®
columnof Bandsummingthe n terms. Theelementsof Care:

n
oy =apndyy taphy oo tapd, = E ,‘11,;-'3:'3'1
=1

Cra = @y Fapdy v taph,
Cmp = cz:wlblp + am“}bzp +o amxbxp
Note: AxBisnot equalto BxA
10.  Transposef Matrices Thetransposeof a matrix is found by exchangingows for columnsi.e. Matrix A=

(aj) andthe transposeof Ais:A'=(g;) wherej isthe columnnumberandi isthe row numberof matrix A.
11. Symmetriamatrix. Forasymmetricmatrix A= ATi.e. aj = aj

Skew-symmetricmatrix. Fora skewsymmetricmatrix AT =- Ai.e. aji = - aj.

Properties

Notethat the diagonalelemerts of the skewsymmetricmatrix are 0.

A+ ATis a symmetricmatrix.

A- ATis a skew- symmetricmatrix.

Everysquarematrix A canbe expressedisa sumof a symmetricP and skewsymmetrc Q matrices
10. Elementarytransformation- Followingelementaryrow or columntransformationscanbe appliedto

amatrix

Interchangeof anytwo rowsor columns

Multiplication of anyrow or columnby any non-zeronumber(scalar)

Theadditionto the elementsof anyrow or columnthe scalamultiplesof anyother row or column
Workingrule to find A by elementarytransformations

a) Write A=A, applyelementaryrow transformationsto both the matricesAon LHSnd I, on RHS
till youget l.=BA.ThenBisthe required A!

b) Write A=A, applyelementarycolumntransformationsto both the matricesAon LHSandI, on
RHSill yougetl,.=AB.ThenBisthe required A
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NOTE Applyonly one kind of transformations(row or column) in all the stepsin one particular
answer.

Chapterd Determinants

BEvery square matrix Aisassociated with a number, called its determinant and it isdenoted by det

Aor|A .

Only square matrices have determinants. The matrices which are not square do not have

determinants
() Arst OrderDeterminant If A=[a], thendet (A) =| Al =a

--SI- |!-..|
| 1 L {

- . ::'.'._ By
(if) Second Order Determinant )
| Al =a11822 Cag1a12
(iti) Third Order Determinant
| ¢ ay . a
I = Ao 104 |, ther
| a O3 493
Ly BN . Gay ‘A.'.. L¢ BN
| Al = ay, P25 e -~ {4 t21 = + 1, ) 122
a0 Qyy (3 | @57 Qgo
orl A| = a,,(agayy ~ G30G9y ) — G12(82,833 — G5,023)

+ Oy3(G9,037 — Qppy,y )

Evaluation of Determinant of Square Matrix of Order 3 by Sarrus Rule

A %l then determinant can be formed by enlarging the matrix by adjoining the first two

columnson the right and draw linesasshow below parallel and perpendicular to the diagonal.
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The value of the determinant, thuswill be the sum of the product of element. in line paralel to the
diagonal minus the sumof the product of elementsin line perpendicular to the line segment. Thus,

=a118p0833 ta1par3831 +a1382183p € 81382831 € 811323832 € 812821333
Properties of Determinants

(1) The value of the determinant remains unchanged, if rows are changed into columns and columns

are changedintorowse.g.,|! || Al

(i) In adeterminant,if anytwo rows (columns)are inter changedthen the valueof the determinantis

multiplied by - 1.
(i) If two rows (columns) of a square matrix A are proportional, then | A] =0.
(iv) | Bl =k | Al, where Bisthe matrix obtained from A, by multiplying one row (column) of Aby k.

n
(V) | KAl =k | Al , where Aisamatrix of order n xn.

(vi) If each element of arow (or column) of adeterminant isthe sum of two or more terms, thenthe

determinant can be expressd asthe sumof two or more determinants,e.g.,

(vii) If the same multiple of the elementsof any row (or column) of a determinant are added to the

corresponding elements of any other row (or column), then the value of the new determinant remains

unchanged, e.g.,
; thz 3 Gy F Rty g+ Ry @y + Ry
Og Ogp O3 |=| Oy oo gy
|G d3p g | Loy g gz

(viii) If each element of arow (or column) of a determinant is zero, thenitsvalue is zero. (ix) If any

two rows (columns) of a determinant are identical, then its valueis zero.
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(X) If each element of row (column) of a determinant is expressd asa sum of two or more terms,

thenthe determinant can be expressd asthe sum of two or more determinants.
Important Resuts on Determinants

) | AB| =] Al|B | , where Aand Bare square matrices of the same order.

e oy n n
@iy @A I=IA
(iii) If A, Band Care sguare matrices of the same order such that ith column (or row) of Aisthe sum of i

th columns (or rows) of Band Cand all other columns (or rows)of A, Band Care identical, then | A|
=B| +|C]

(V) | In] =1,wherel,, isidentity matrix of order n
(V) | Opl =0, where Oy, isa zero matrix of order n

(Vi) If n(x) be a 3rd order determinant having polynomials asits elements.
(@) If p(a) has 2 rows (or columns) proportional, then (x ¢ a) isafactor of n(x).

2
(b) If n(@) has3 rows (or columns) proportional, then (x ¢ @) isafactor of n X).

(vii) Asguare matrix Aisnon-singular, if | A| 1 0 and singular, if | A| =0.

(viii) Determinant of a skew-symmetric matrix of odd order is zero and of even order isanon- zero

perfect square.

(iX) Ingeneral, |B+Q 1 |B| +|J

(X) Determinant of adiagonalmatrix = Product of its diagonal elements
(xi) Determinant of atriangular matrix = Product of its diagonal elements

Minors and Cofactors



then the minor Mj; of the element g;; isthe determinant obtained by deleting the i

row and jth column.
| +]
The cofactor of the element a;; isGj =(-1)  Mj;

Adjoint of a Matrix - Adjoint of amatrix is the transpose of the matrix of cofactors of the give matrix, i.e.

Properties of Minors and Cofactors

(i) The sum of the products of elementsof any row (or column) of a determinant with the

cofactors of the corresponding elementsof any other row (or column) is zero

(if) The sum of the product of elementsof any row (or column) of a determinant with the
cofactors of the corresponding elements of the same row (or column) isn

Applications of Determinant in Geometry

Letthree pointsin aplanebe A(xq, Y1), B(xo, yo) and Qx3, y3), then Area=

(i) Areaof A ABC=—|x,

=1/ 2[x1 (Y2 QY3) +X2 (Y3 G Y1) X3 (Y1 S ¥2)]

(11} If three polnts are collinear, then (¥, ¥y 1 =1

X, ¥ 1
= r " 1 1 =¥ 3 1 B
{11} Equation of a line pagsing throngh the pmnés A and [ s
¥

v ¥ 1i=0

SOLVINGYSTEMSFEQUATIONBSINGNVERSEATRIXMETHOD

25
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DEFINITIOMs systemof linearequationsis a setof equationswith n equationsand n unknowns,is of the

form of
g tapgky teta,x, =8

Ay Xy t@gaxy T tagx, =y,

+ + + = . »
@y g Xy Foee ¥ @ Xy = By Thainknownsare denotedby xi,xe,..% andthe coefficients

(a'sandb'sabove)are assumedo be given.In matrix form the systemof equationsabovecanbe written

as:
@1 Az .- 2, [ A =]
@31 @zz --- dap || X2 | _ | &2
Fal Faz s Ghan I “n ) which canbe expressedn matrix equationas AX=B

Bypre-multiplyingboth sidesof this equationby A gives:

AL (AX)=ALB
STEPS

I. Evaluate Referthe note givenbelow.

il. Evaluatehe cofactorsof elementsof A.

iii. Formthe adjoint of A asthe matrix of cofactors
iv. Calculatanverseof Aand X.

NOTE Fromthe aboveit is clearthat the existenceof a solutiondependson the valueof the

determinantof A. Therearethree cases:

1. If the thenthe systemis consistentwith uniquesolutiongivenby
2. If (Aissingular)andadjA .B 0thenthe solution doesnot exist. Thesystemisinconsistent.
3. If (Aissingular)andadjA .B=0 then the systemis consistentwith infinitely manysolutions.tofind

thesesolutionsput z=k in two of the equationsand solvethem by matrix method.

Forhomogeneoussystemof linear equations,AX=0 (B=0)

1. If the thenthe systemis consistentwith trivial solutionx=0,y=0,z=0
2. If (AissingularjandadjA .B 0thenthe solutiondoesnot exist. Thesystemisinconsistent.
3. If (Aissingular)andadjA .B=0 then the systemis consistentwith infinitely manysolutions.to

find thesesolutionsput z=Kk in two of the equationsand solvethem by matrix method.
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Chapters Continuityand Differentiability

Definition

Afunctionf is saidto be continuousat x =a if

limf(x)=7(a)

XT—=¥
Afunctionis saidto be continuouson the interval[a, b] if it is continuousat eachpoint in the interval.

£~ lim G =L (@)
Definitionof derivative : If y = f(x)theny: = hee0 h

Afunctionf isdifferentiableif it is continuous.

WhenLHD& RHDboth existandare equalthen f is saidto be derivableor differentiable.

dy
d_y = _dt
dx dx
Parametriadifferentiation: if y =f(t), x=g(t) then, dt

Logarithmiadifferentiation: If y =f(x)?®then take log on both the sides.
Write logy=g(x)log[f(x)]. Differentiateby applyingsuitablerule for differentiation.
If y issumof two different exponentialfunctionu andv,i.e.y =u +v. Findby usinglogarithmic
differentiation separatelythen evaluate
HigherDerivativesThederivativeof first derivativeis calledasthe secondderivative.lt isdenotedbyy. or
2 ard Y
dx?



FORMULAE

d
1.—(c)=0
+(©)
31511 g -n
& I
5 da1 5-1
-dx(a;e;( .

d
7.—(a*)=a"log a
_(a)=a"log
d 1
—(logx)==
dx( g ) X

11.i(cosx) = -sinx
dx

13.0|g (cosecx) = -cosec xcot:

X

159 (cotx) = <coseé x
dx

17.i(coslx) -1

dx 1- X

d X -1
19.&(cot1x)=1+ v

d . -1
21.&(cosec ! x) = Xm

10.£(sinx) = CcOSX
dx

12.i(tanx) = seé x
dx

14.di(sec X) = sec>an

X
16.i(sin'1 x) -1

dx 1- x°

d ) 1
18.&(tan lx) = 37
Zo.i(secl x) -1

dx Xy -1
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MEANVALUETHEOREMS
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ROLLE THEOREM

STATEMENIetf be a real valuedfunctiondefinedon the closedinterval[a, b] suchthat
1. Itiscontinuousonthe closedntervalla, b].

2. ltisdifferentiableonthe openinterval(a, b).

3. f(a)=f(b).

Then there exista realnumberc

GEOMETRICMTERPRRTIONDFw h [ [ THEOREM

Letf(x) be areal valuedfunctiondefinedon [a, b] suchthat the curvey=f(x)is a continuouscurvebetween
pointsA(a, f(a)) and B(, f(b)) andit is possibleto draw a uniquetangentat everypoint on the curvey=f(x)
betweenAandB.Also,there existsat leastone ordinatesat the end points of the interval[a, b] areequal. Then
there existsat leastone point (c, f(c)) lyingbetweenAand B on the curve.Letthe curveisincreasingat A. Now
f(a) =f(b) that meanscurvehasto decreasdrom somepoint. Sinceit is continuousanddifferentiableso, it must
take smoothturn from somewhere(without forming edge)at that point the tangentparallelto X- Axisi.e. at
that point ¥ Q®0ESmilarlyit canbe showneasilyif starts decreasingat Athen alsothere existat leastone
point in the givenintervals=where¥ ¢ & EIfit isneitherincreasingior decreasing.e. aparallelline to the X-
axisthen, there will be infinite no. of pointswhere¥ ¢ & 0

Y {c, f{c))
B(b, f{b})
Ala, fla)) y=f(x)
Ol (a0} (b0} (c0) X
WorkingRule

1. We first checkwhether f(x) satisfiesconditionsof w 2 f Th8afe&nor not.

2. Differentiatethe function
3. Equatethe derivativeswith Zeroto getx.
4. If x belongsto givenintervalthen,w 2 t Th8afeinverified.

Thefollowingrulesmaybe helpful while solvingthe problem.

1. A polynomialfunctionis everywherecontinuousanddifferentiable
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2. Theexponentialfunction, sineand cosinefunction are everywherecontinuousanddifferentiable.
3. Logarithmidunctionis continuousanddifferentiablein its domain.
4. Tanxisnot continuous

Chapter 6 Application of Derivatives
Motion in a straight Line

Suppose particleis movingin a straightline

A B

0 < AS

TakeW hasbriginin time ¥ th&positionof the particlebe at Awhere OA=sandin time (i b theipositionof the particlebe
atBwhereh . I' & dlefarfythe directeddistanceof the particlefrom WQs function of time W i Q

s=f(t)
abkaldi Bk G0
Algorithm:
1. Solvinganyproblemfirst, seewhat are givendata.
2. Whatquantityisto be found?
3. Findthe relation betweenthe point no. (1) & (2).

4. Differentiateandcalculatefor the final result.

APPROXIMATIONBFFERENTIAASDERRORS
Absoluteerror -
Relativeerror
Percentageerror - Approximation -

1. Takethe quantity givenin the questionas y +k="f(x + h)

2. Takea suitablevalueof x neareg to the givenvalue.
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3. Calculatey=f(x) at the assumedvalueof x.

4. Usingdifferential calculate

5. find the approximatevalueof the quantity askedin the questionasy +k, from the valuesof y and

evaluatedin step3 and4.

Tangentsandnormals
Slopeof the tangentto the curve y =f(x) at the point (xo,Yo) is givenby m.
Equationof the tangentto the curve y =f(x) at the point (x,Yo) is (Y - Yo) =m (X ¢ Xo)
Slopeof the normalto the curve y =f(x) at the point (x,Yo) isgivenby -1/ m
Equationof the normalto the curve y =f(x) at the point (Xo,o) iS (Y - Yo) =(-1/m) (X¢ o)
Tocurvesy =f(x) andy =g(x)are orthogonalmeanstheir tangentsare perpendicularto eachother at the

point of contact

INCREASINGNDDECREASINKEINCTION
STRICTUNCREASINBUNCTIONA functionf(x) is saidto be a strictly increasingunctionon (a, b) if
x1<% =>f(x1)<f(>) for all x4, X2(a, b)

Thus/f(x)is strictlyincreasingon (a, b) if the valuesof f(X) increasewith increasen the valueof x.

v

Graphicallyf(x) isincreasingon (a, b) if the graphy=f(x)movesup asx movesto the right. Thegraphin fig isthe graphof
strictly increasingon (a, b).

STRICTLYECREASIN®NCTDN A functionf(x) issaidto bea strictlyincreasingunctionon (a, b) if
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x1<x% =>f(x1)>f(%) for all x1, xo(a, b)

Wﬁ_w}
| b

¥ a g X1 X2 p AT

},.-r

Thus,f(x) is strictly increasingon (a, b) if the valuesof f(x) decreasewith increasein the value of x. Graphicallyf(x) is
decreasingn (a,b) if the graphy=f(x)movesdown asx movesto the right. Thegraphin fig isthe graphof strictly decreasing
on(a,b).

NECESSARKNDSUFFICIENJONDITIORORMONOTONICIT®FFUNCTION

In this sectionwe intend to seehow we canusederivative of a functionto determinewhereit isincreasingandwhereit is
decreasing.

Necessargondition:if f(x) isanincreasingunction on(a,b) then the tangentat everypoint on the curvey=f(x)makesan
acuteangle with the positivedirection of x- axis.

T Y

It is evidentfrom fig that if f(x) isa decreasindunctionon (a, b), then tangentat everypoint on the curvey=f(x)makesand
obtuseangle with the positivedirection of x- axis.

ThusfQ 6>BE0)for all isthe necessangondition for a functionf(x)to be increasingdecreasingpn a giveninterval (a,
b).in other words, if it is givenf(x) is increasingdecreasingn (a, b), thenwe cansaythat ¥ Q6 EO Bnof n 0 ®

SUFFICIENJONDITION

Theorem Letf be a differentiablereal functiondefinedon an openinterval (a, b).
(@) If ¥ Q»0Hoball, thenf(x)increasingon (a, b)
(b) If ¥ Qo0Hoball, thenf(x)decreasingn (a, b)

ALGORITHWMORFINDINGTHEINTERVAIN WHICHA FUNCTIONSINCREASINGRDECREASING.
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Letf(x) be arealfunction. Tofind the intervalsof monotonicityof f(x) we proceedasfollows:

Stepl find¥ Q6 E0O @

Stepll Put¥ Q 6 &hdsBlvethisinequation.

Forthe valuesof x obtainedin stepll f(x) isincreasingandfor the remainingpointsin its domainit is decreasing.
Or

Calculatef Q=0forcritical points

Letcy, Gz, cz arethe roots of T Q®H0E 0

Cutthe nolineatcy, ¢, C3

Write the intervalin table

Considerany point in the interval

Seethe signof ¥ Qia that intervaland accordinglydeterminethe functionis increasingor decreasingn that

interval.

ouhwhpE

Maximum Letf(x) be the realfunction defineon the intervall. then f(x)issaidto havethe maximumvaluein |, if there
existsa point ain | suchthat f(x)<f(a) for allx ¥

. . . . . y = fix)
in sucha case the numberf(a) is calledthe maximumvalueof f(x) in the intervall J /i\

and the point ais calleda point of maximumvalueof f in the intervall. |

|
|
|
0 a

Maximum vahie of fix) atx = a

Minimum Letf(x) be the realfunction defineon the intervall. then f(x) is saidto havethe minimumvaluein |, if there
existsa pointa | suchthat

f(x)>f(a) for allx

In sucha case the numberf(a)is calledthe minimumvalueof f(x) in the interval v

the point ais calleda point of minimumvalueof f in the intervall.
|
|
|

LOCAIMAXIMAANDLOCAIMINIMA |

X o

v
1. Mininmm vaue of fix) at x=a

2. LocalmaximumA functionf(x) is saidto attain alocalmaximumat x=aif there existsa neighborhood(a-,a+)
of asuchthat

f(x)<f(a) for allxin (a-,a+)
f(x)}-f(a)<Ofor allxin (a-,a+)
In sucha case f(a)is calledthe localmaximumvalueof f(x) at x=a.
3. Localminimum Afunctionf(x) is saidto attain alocalminimumat x=aif there existsa
Neighborhooda-, a+) of a suchthat

f(x)>f(a) for allxin (a-,a+)
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f(x)}f(a)>0for allxin (a-,a+)

Thevalueof the functionat x=ai.e. f(a) is calledthe localminimumvalueof f(x) at x=a.

Thepointsat whichattainseither the localmaximumor localminimumvaluesare calledthe extremevaluesof

().

FirstDerivativesTestfor finding the LocalExtremum

Lety=f(x)be afunctiondefinedon the intervall andlet f be derivableat aninterior point cof I. Letf haveanextreme
valueat x=c,

Casd. Letf havealocalmaximumvalueat x=c,thenf isanincreasingunctionin the left nbd of x=c.

Thus fQ écRabgesontinuouslyfrom +veto qve asincreaseshroughc.

Y fla=0
LE(V : Rf(c)<0
0 c X

Casdl. Letf havealocalminimumvalueat x=c,thenf isanincreasingunctionin the left nbdof x=c

f@x) change<ontinuouslyfrom +veto +veasincreaseshroughc. 7

| Lﬂ U{O JI Rﬂlﬂ}ﬂ

flc)=0
Workingrule for first derivative test

Findthe signof ¥ QwhEnXx s slightly< c andwhenx s slightly>c. 0 ¥

If ¥ Qah&hgessignfrom +veto ¢ve asxincreaseshroughc, then f hasalocalmaximumvalueat x=c.
If ¥ Qah&hgessignfrom -veto +veasxincreaseshroughc, then f hasalocalminimumvalueat x=c.
SecondDerivative Testfor FindingLocalMaximaand LocalMinima

Suppose quantity y dependson the anotherquantity x in amannershownin fig. it becomesmaximumat x; and
minimumat x.. At thesepointsthe tangentto the curveis parallelto the x-axisandhenceits slopeisO.

Maximaand minima by usingsecondderivative test
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Justbeforethe maximumthe slopeis positive,at the minimumit is zeroandjust after the maximumit is negative.
Thusdecreasest amaximumandhencethe rate of changeof is negative at a maximum.

Minima

Similarly at aminimumthe slope changesrom negativeto positive.

Hencewith increasef x. the slopeisincreasinghat meansthe rate of charge of slopew.r.t x is positive.

WorkingRule:

1. Findf Q6 E0 @

2. SolveT Q®0mwithin the domainto get critical point let one of the valueof x =c.

3. Calculatef Q @xé£c0

4. If ¥ Q 9@t f(x) isminimumat x =c, andif T Q Q@ tei f(x) is maximumat x=c.
Maxima

Similarly at amaximumthe slopechangedrom positiveto negative

Working Rule:
5. FindFf Q0 E0 @
6. SolveT Q®0Rvithin the domainto get critical point let one of the valueof x =c.
7. CalculateF Q &é £
8. If ¥ Q Q@ti@m, f(x) isminimumat x = ¢, andif T Q Q@ tei f(x) is maximumat x=c.
Application of Maximaand Minima to problems
Workingrule
0] In orderto illustrate the problem,draw a diagram,if possible Distinguistclearlybetweenthe variableand
constants.
(ii) If y isthe quantity to be maximizedor minimized,expressy in termsof a singleindependentvariablewith the
help of givendata.
(i)  Getdy/dx and d?y/dx?, then equatedy/dx=0getthe valueof x.

(iv)

Determinethe signof d?y/dx? at x and proceed.
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Chapter7 Integration

Integration is away of addingslicesto find the whole. Integration canbe usedto find areas,

volumes,centralpointsand manyusefulthings.

TheChainRuletells usthat derivativeof g(f(x))=g'(f(x))f'(x).But what about goingthe other
way around?What happensf youwant to integrate g'(f(x))f'(x) Well, that's what the
“reversechainrule” isfor. Asyoucansee,alot of integralsyou'll run into canbe solvedthis

way. It isalsoanotherway of doingsubstitutionwithout havingto substitute.
Trigonometricsubstitution

Another substitutiontechniquewhere we substitutevariableswith trigonometricfunctions.
Thisallowsusto leveragesometrigonometricidentitiesto simplifythe expressiorinto one

that it is easierto takethe anti-derivativeof.
Divisionand partial fraction expansion

Whenyou'retrying to integratea rational expressionthe techniquesof partial fraction

expansiorand algebraidongdivisioncanbe *very* useful.
Integrationby parts

Whenwe wantedto take the derivativeof f(x)g(x)in differential calculuswe usedthe
productrule. In this tutorial, we usethe productrule to derivea powerfulwayto takethe

anti-derivativeof a classof functions-integrationby parts.

If uandg aretwo functionsof x then the integralof productof two functions= 15t function -

integralof the product of the derivativeof 15! function andthe integralof the 2" function
Write the givenintegralwhere youidentify the two functionsu(x)andv(x)asthe 15t
and2"d function by the order

| ¢ inversetrigonometricfunction
L ¢ Logarithmidunction

A ¢ Algebraidunction

T ¢ Trigonometridunction

E ¢ Exponentiafunction
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Note that if you are givenonly one function, then setthe secondoneto be the

constantfunction g(x)=1integratethe givenfunction by usingthe formula

DEFINITENTEGRAASLIMITOFASUM

Definiteintegralis closelyrelatedto conceptdike antiderivativeandindefinite integrals.In

this section,we shalldiscusghis relationshipin detail.

Definiteintegralconsistsof a function f(x) whichis continuousin a closedinterval[a, b] and
the meaningof definite integralis assumedo be in contextof areacoveredby the function
f from (say)¥ lto® 0 Q &

b b
/ fla)dr / flx)dr
Analternativeway of describing./a isthat the definite integral ./ isa

limiting caseof the summationof an infinite series providedf(x) is continuouson [a, b]

n—1

b
/ flz)dr = limy_aoht Z fla+rh), whereh = (b —a)/n

r=(

Theconversdas alsotrue i.e., if we haveaninfinite seriesof the aboveform, it canbe

expressedisa definite integral.

/Y Z

TheFundamentallheoremof Calculusjustifiesour procedureof evaluatingan

antiderivativeat the upperandlower limits of integrationandtakingthe difference.
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FundamentalTheoremof Calculus

Letf be continuouson [a:b]. If Fisanyantiderivativefor f on [a:b], then

b
/ flx)dr
Ja =HbU Ka).

Properties

El b
é‘f(x)dx =—J‘f(><) i
Propertyl: a

b o] C
J‘F(x) dx+gf(><)d>< = J‘F(x) dx
Property2: @ a

C b C

IF(X) dx = If(x)dx +J‘F(x) dx wherea <b < c
a a 4]

Property3:
b b
J‘f(xjdx = J‘F(a+ b - x)dx
Property4 2 3
=l 4
f(x) dx =J‘F(a— %) dx
Property5 © 0
2a 4 a
J'f(x)dx = J‘f(x)dx + J‘f(Qa— %%
Property6 & 0 o
2a 8
ff(x)dx _ 2£F(><) dx fl2a-x) =fix)
u]
Property7: 0 f(2a-x) == )

j‘ f{x) dx = 2£F(X:'d>< if fix)="f(-x) orif fis even

Propertys8: o if fx)=- f{-x)orif fis odd
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i
1. i dx= r)](+1,(n .Y Z.ﬁ%dxzm

3. fix= x 4.ﬁ)l—(dx=Iog|>4

5./p dx= oga 6.f¢ dx=¢€

7.7pinxdx= -cosx 8. fFosxdx= sinx

9.pped xdx= tanx 10.ffosec xdx= -cot x

11.fpecx tarxdx= se 12.ffosec xcotxdx= - cosec:
13.fjanx dx= log sec{ 14.fpotx dx=log| sinX

15.ppecx dx= lod sex + tank 16.pposecx dx= log cosecx - cotk
17.%:%%'1%2 18.%:élog%j

X-

19. A A e s 20,7~ =sint &X
%-a® 2a gX+ . Jaz- @ g

~ dx [ 2
21.n\/ﬁ:|og‘x X2 az

2 o
23.fVa’ - X dx ——X\/ 2 X Susin1aX
2 27 &

2

24. R\ X% - a®dx %\/xz & %—Iog‘x\/% é‘
2

25.74/52 + a2 dx —.’2‘\/% & %Iog‘x\/% é‘
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Chapter8. Applicationof Integration

Aplanecurveisacurvethat liesin asingleplane A planecurvemaybe closedor open.

Theareabetweenthe curvedefinedby a positivefunction andthe x axisbetween
two valuesof y is calledthe definite integralof f betweenthesevalues.Theareaof a
rectangleisthe productof lengthandbreadththe areaundera curvewill be generatel. This

methodis generalisedo definea variety of integralsthat do not describearea.

Thestandardapproachdealswith a more generalclassof functionsby imaginingthat we
dividethe intervalbetweenaandb into alargenumberof smallstripsand estimatethe

areaof eachstrip to be the productof its width and somevalueof f(x) for x within the strip.

Theareawill then be somethinglike the sumof the areasof the strips.If we then let the
maximumstrip lengthgoto zero,we canhopeto find the resultingsumof strip areas

approachthe true area.

&

‘I__
] = area under curve

- = |
08+ 1

D&

04+ 0

02+

-+ | . } > area over curve
0 2 3

1 3 5
A z 2 2

Thestandardwayto dothisisto let the i-th strip beginat x.1 andend at x; the areaof that

strip is estimatedas(x-x-1)f(x’) with x'i anywherein the strip.

A Riemanrsumis a sumof the form justindicated:it isa sumover stripsof the width of the
strip timesa valueof the f(x) within the strip. Thefunctionis saidto be Riemann
integrableif the sumof the areaof the stripsapproaches constantindependentof which
argumernts are usedwithin eachstrip to estimatethe areaof the strip, asmaximumstrip

width goesto zero.

Thenotation usedabovecanbe understoodfrom this approach,we are summingthe area
of the individualstrips,whichfor averysmallintervalaroundx of sizedxis estimatedto
be f(x)dx,and summingthis overall suchstrips. Theintegral signrepresentsthe sumwhich
isnot anordinarysum,but the limit of ordinarysumsasthe sizeof the intervalsgoesto

Zero.


http://mathworld.wolfram.com/Curve.html
http://mathworld.wolfram.com/Plane.html
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Supposeave havea non-negativefunction f of the variablex, definedin somedomain
that includesthe interval[a, b] with a<b. If f is sufficientlywell behavedthere isawell
definedareaenclosedbetweenthe linesx=a,x=b, y =0 andthe curvey =f(x).

Thatareais calledthe definite integralof f dxbetweenx =aandx =b (of courseonly for
thosefunctionsfor whichit makessense).

["=" f{x)dx

It isusuallywritten as “x=2

_ , [Ty + Ix=hf(x}dx =[x=hf(x)dx
If cliesbetweena andb we obviouslyhave “#=2 x=c x=a

Areabetweentwo curves-

Thereare actuallytwo caseghat we are goingto be lookingat.

Inthe first casewe want to determinethe areabetweeny =f(x) andy = g(x)on the interval

[a,b]. Wearealsogoingto assumethat S(x) = g(x),

¥

A:jjf(x)—g(x)dx

Thesecondcaseis almostidenticalto the first case. Herewe are goingto determinethe
areabetweenx =f(y) andx =g(y)on the interval [c,d with /(¥ } = &(¥),

d

Inthis casethe formulais, _,qzrff (¥1—g(y)dy

Theareaof atriangleis an extensionof areaof aplanecurve.
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Chapter9 DIFFERENTIEDUATIONS

Definition: An equationcontaininganindependentvariable,a dependentvariableand
differential coefficientsof the dependentvariablewith respectto the independentvariable

is calleda differential equationDE.
TheORDERf a differential equationis the highestderivativethat appearsn the equation.

TheDEGRE® a differential equationisthe power or exponentof the highestderivative

that appearsn the equation

Unlikealgebraicequations,the solutionsof differential equationsare functionsand not just
numbers.

Initial valueproblemis onein which someinitial conditionsare givento solvea DE.
Toform a DEfrom a givenequationin x andy containingarbitrary constants(parameters);

1. Differentiatethe givenequationasmanytimesasthe numberof arbitrary

constantsinvolvedin it .
2. Elimnatethe arbitrary constantfrom the equationsof y,& @ Bt0

Afirst order linear differential equationhasthe following form:

d
T4 p(a)y = g(2)
elx)g(x)de + C
L ¥= ! ( )Q( ) : H(Jﬂ) — EJ‘P(E:'I:I’;;'
Thegeneralsolutionis givenby u(z) where -

calledthe integratingfactor. If aninitial conditionis given,useit to find the constantC

Hereare somepracticalstepsto follow:

o(1) L + i)y = o)

1. If the differential equationis givenas dx , rewrite it in the form
dy b(z) e(z)

== = pla)= —= and g¢(z)= ——=.

ae = 1(®) e 107Gy 107G

2. Findthe integratingfactor .
3. Evaluatethe integral

4. Write down the generalsolution.
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5. If you aregivenan IVP,usethe initial conditionto find the constantC
VARIABLEEPARABIEORMT hedifferential equationof the form is calledseparable,

if f(x,y) =h(x) g(y); thatis, ---(I)
In orderto solveit, perform the following STEPS:

1. Solvethe equationg(y) =0, whichgivesthe constantsolutionsof ();

2. Rewritethe equation(l) as and,then,

w

integrate to obtain G(y)=H(x)+C

4. Write downall the solutions;the constantonesobtainedfrom (1) andthe onesgiven
in (3);

5. If youaregivenan VP, usethe initial conditionto find the particularsolution.Note
that it mayhappenthat the particularsolutionis one of the constantsolutionsgiven

in (1). Thisiswhy Step4 isimportant.

Homogeneou®ifferential Equations

Afunction whichsatisfiesfor a givenn is calleda homogeneougunction of order n.

Adifferential equationis calleda HOMOGENEOWBFFERENTIEQUATION it canbe

written in the form M(x,y)dx + N(x,y)dy =0 whereM andN are of the samedegree.

Afirst-order ordinarydifferential equationis saidto be homogeneousf it canbe written

in the form) Suchequationscanbe solvedby the changeof variablesvhichtransforms

the equationinto the separablesquation
Stepsfor Solvinga Homogeneou®ifferential Equation
1. Rewritethe differentialin homogeneoudorm or
2. Makethe substitutiony =vx or x=vywherevisavariable.
3. Thenusethe productrule to get
4. Substituteto rewrite the differential equationin termsof vandx or vandy only
5. Followthe stepsfor solvingseparabledifferential equations.

6. Resubstitutev=y/x orv =x/y.


http://mathworld.wolfram.com/First-OrderOrdinaryDifferentialEquation.html
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ChapterlOVECTORS

A guantity that hasmagnitudeaswell asdirectionis calleda vector. It is denotedby
directedline segmentwhere Aisthe initial point and Bisthe terminal point . The
distanceABis calledthe magnitudedenotedby andthe vectorisdirectedfrom Ato
B.

FIXED/ECTOR that vectorwhoseinitial point or tail is fixed. It isalsoknownas
localisedvector. Forexample the initial point of a positionvectorisfixed at the
originof the coordinateaxes.So,positionvectoris afixed or localisedvector.
FREE/ECTOR that vectorwhoseinitial point or tail isnot fixed. It isalsoknownasa
non-localisedvector. Forexample velocityvector of particle movingalong a straight

lineisafree vector.

Coinitial vectors:Vectorshavingthe sameinitial pointarecalledasco-initial vectors.
Negativeof avector: Avectorwhosemagnitudeis the sameof that of a givenvectorbutin
the oppositedirectionis calledas the negativeof the givenvector.

POSITIONECTORivesthe positionof a point with referenceto the origin of the

coordinatesystem.COLLINEAYECTORSethosevectorsthat act either alongthe

sameline or alongparallellines. Thesevectorsmayact either in the samedirection

or in oppositedirections. PARALLEBYECTORS&retwo collinear

vectorsactingalongthe samedirection. EQUAIVECTORBwNO

vectorsare saidto be equalif they havethe samemagnitudeanddirection.
ADDITIONDFVECTORS

1. Trianglelaw of vectorsfor addition of two vectors If two vectorscanbe represented

both in magnitudeanddirection by the two sidesof a triangletakenin the same
order, then the resultantis representedcompletely,both in magnitudeand
direction, by the third sideof the triangletakenin the oppositeorder.

Corollary:1) If three vectorsarerepresentedby the three sidesof atriangletakenin order,

then their resultantis zero.

2) If the resultantof three vectorsis zero,then thesecanbe representedcompletelyby the

three sidesof atriangletakenin order.

— —
2. Parallelogramiaw of vectorsfor addition of two vectorslf two vectors P &Md @

are completelyrepresentedby the two sidesOAand OBrespectivelyof a



45
parallelogramThen,accordingo the law of parallelogranmof vectors,the diagonal

- = = =
OCof the parallelogranmwill be resultant R ,suchthat ® = P + Q.

MULTIPLICRAONOPERATIONFORVECTORS:

1. MULTIPLICATIGDFAVECTORYA SCALARVYhenavector. ismultiplied by areal
number,saym, then we getanothervectorm. Themagnitudeof mism timesthe
magnitudeof . If m is positive,then the directionof m isthe same asthat of . If mis
negative then the direction of m is oppositeto that of .

2. SCALARIULTIPLICATIGDFTWOVECTORS yield

a-b=|a|l] x |b] x c os (heye:
| a] is the magnitude (length) of vector a
| b| is the magnitude (length) of vector b
€ ithe angle between a and b
It isimportantto rememberthat there aretwo different anglesbetweena pair of
vectors,dependingon the direction of rotation. However,only the smallerof the two is

takenin vector multiplication

SomePropertiesof the Dot Product

ii=jj=kk=1andij=ji =ik =ki=jk =k.j =0.

Thedot productis commutativea - b = b - a.
Thedot productis distributive over vector addition & (b+c)=a-bta-c
Thedot productisbilinear 2 - (rtb+¢)=r(a-b)+ (a-c).
Whenmultiplied by a scalarvalue,dot product satisfies:
(c13) - (e2b) = (c12)(a- b)

Twonon-zerovectorsa andb are perpendiculanf andonlyif a wb =0.

The dot productdoesnot obeythe cancellationaw: If awb=awcandar 0:thena
w(bbc)=0:

If aisperpendiculartto (bt c),we canhave(bb c)r 0 andthereforebr c.


http://en.wikipedia.org/wiki/Commutative
http://en.wikipedia.org/wiki/Distributive
http://en.wikipedia.org/wiki/Bilinear_form
http://en.wikipedia.org/wiki/Perpendicular
http://en.wikipedia.org/wiki/If_and_only_if
http://en.wikipedia.org/wiki/Cancellation_law
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Vectorproduct:

TheCrossroducta x b of two vectorsis anothervectorthat is at right anglesto both.
axb=|a|bp axnyo‘ov

1 |a isthe magnitude(length)of vectora
1 | b| isthe magnitude(length)of vectorb

1 ° isthe anglebetweenaandb

1 nisthe unit vectorat right anglesto bothaandb

Thecrossproductis anticommutative: axb=-bxa
| axb| isthe areaof the parallelogranformedby aandb
Distributiveover addition. Thismeansthatax (b +c)=axb+axc

Fortwo parallelvectorsaxb =0

—+ —+ -+

i R
axb:al e S«

h & &

ixi=jxj=kxk=0.
Thecrossproductof avectorwith itself is the null vector

If axb=axcandal Othen:(axb)T (ax c)=0and,by thedistributivelaw above:

ax (b1 c)=0Now, if ais parallelto (b1 c), thenevenif al 0it is possiblethat(bT c)i 0
andthereforethatb i c.

SCALARRIPLBPRODUCT

It is definedfor three vectors 2:0.Tin that order asthe
scalar @ . (b xT)It denotes the volume of the =
parallelopiped formed by taking a, b, ¢ as the co
terminusedges.

v

|

i.e.V=magnitudeof @xh T =| @xb.g|

The value of scalar triple product dependson the cyclic order of the vectors and is
independentof the position of the dot and cross.Thesemay be interchangeat pleasure.

Howeverandanti-cyclicpermutationof the vectorschangeghe valueof triple productin sign

but not a magnitude.


https://www.mathsisfun.com/algebra/vector-unit.html
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Propertiesof ScalafTriple Product:

* |If, then their scalartriple productis givenby
i.e. positionof dot and crosscanbe interchangedwithout alteringthe product.

e [@ht]l=[btal=[cah] a

ol
(o]

* @, b, Tin that order form a right handedsystemif @.0.€ >0

i.e. scalartriple productis O if anytwo vectorsare equal.

i.e. scalartriple productis O if anytwo vectorsare parallel.

Showthat (Bx€)-(@xd)+(€xa) (Bxd)+(@xb) (Exd)=0

are coplanarthen a{bxc)=0

(31

If three vectors a.b,
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Chapterll. ThreeDimensionalGeometry

In spaceanypoint canbe expressedisP(X,y, z). Theequationsof aline passinghrougha

X=X _Y-» _Z-%
givenpoint andparallelto agivendirectionare givenby 4@ b ¢
Theequationsof aline which passeshroughtwo givenpointsare

X=X _ V=W _ 274

Xo=X Vo= EHTE

Twolinesin spacemaybe parallellinesor intersectinglinesor skewlines. Twoparallellines
or intersectinglinesare in the sameplane.If two linesdo not intersectthen thereisno
anglebetweenthem.

Anglebetweentwo lines

Findingthe anglebetweentwo linesin 2Dis easy just find the angleof eachline with the x-

axisfrom the slopeof the line andtake the difference. In 3Dit isnot soobvious,but it can

be shown(usingthe CosineRule)that the angle’ betweentwo vectorsaandb is givenby:
aoh

e

Cos' =
Unfortunatelythis givespoor accuracyfor anglescloseto zero;for instancean angleof

1.00E7 radiansevaluateswith an error exceedingl%,and 1.00E8 radiansevaluatesas
laxb

- . . . allb - .
zero. Asimilarformulausingthe sineof the angleSin‘ = | H | hassimilarproblemswith

anglescloseto 90 degrees.

laxb

Butcombiningthe two givesTan' = @°b whichisaccuratefor all angles andsincethe

(la]|b]) valuescancelout the computationtime issimilarto the other expresions.



- ...e

Shortestdistancebetweentwo skewlines

Thetwo keypointstwo rememberhereare:

1. Theshortestline betweentwo linesis perpendicularto both

2. Whentwo vectorsare crossedthe resultis a vectorthat is perpendicularto both

DISTANCE BETWEEN TWO SKEW LINES

- -
Consider S(a) and T(a) and L and 1 : respectively.
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Thusthe vectorrepresentingthe shortestdistancebetweenABand CDwill be in the same

directionas(ABXCD)whichcanbe written asa constanttimes (ABXCD) We canthen

equatethis vectorto a generalvectorbetweentwo pointson ABand CD whichcanbe



50
obtainedfrom the vectorequationsof the two lines.Solvinghe three equationsobtained

simultaneouslyye canfind the constantandthe shortestdistance.

Plane:

Aplaneisaflat (not curved)two dimensionakpaceembeddedin a highernumberof

dimensions.

Intwo dimensionakpacethere is only one planethat canbe containedwithin it andthat is

the whole 2D space.

Threedimensionakpaceis a specialcasebecausehere is a duality betweenpoints (which
canberepresentedby 3D vectors)and planes(alsorepresentedby 3D vectors).We can

visualisethe vectorrepresentinga planeasa normalto the plane.

__/-bivector

e '

N e A Do
normat. |/ A

veetor” X AT T

Theanglebetweentwo planesis definedasthe anglebetweentheir normals.lt is givenby

8 = cos” a,a, +b b, +c,c,
2 2 2 2 2 2
\/‘11 +b +¢ \/a2 +b; +c;

Coplanarityof four points-

Coplanamoints arethree or more pointswhichlie in the sameplanewhere a planeis aflat
surfacewhich extendswithout endin all directions.It's usuallyshownin math textbooksas
a4-sidedfigure. Youcanseethat pointsA, B, Cand D are all coplanarpointson asingle

plane.
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Theconceptof coplanarpoints mayseemsimple,but sometimesthe questionsaboutit may

becomeconfusing With alittle bit of geometryknowledgeand somerealworld examplesijt

canbe masteredeventhe mostchallengingyuestionsabout coplanarpoints.

Anythree pointsin 3-dimensionakpacedeterminea plane.Thismeansthat anygroupof
three pointsdeterminesa plane,evenif all the pointsdon't look like they're locatedon the

sameflat surface.

Let'slook at anotherreallife example.Thetissuepaperboxis coveredin leaves.Pointshave
beenplacedat the tips of four leavesandlabeledW, X,Yand Z.Fromthe first picture, we
canseethat points X, Yand Zare coplanar.Theyform atriangle,andyou canvisualizehat.
If youwereto cutthroughthe tissueboxand passthroughthesepoints,youwould havea

pieceof the tissueboxthat would havea planefigure,atriangle,asits base
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Chapterl2 LinearProgramming

Linearprogrammingsthe processof takingvariouslinearinequalitiesrelatingto some
situation,andfindingthe "best" valueobtainableunderthoseconditions.Atypicalexample
would be takingthe limitations of materialsandlabor,andthen determiningthe "best"

productionlevelsfor maximalprofits underthoseconditions.

In "real life", linear programmings part of averyimportant areaof mathematicscalled
"optimizationtechniques".Thisfield of study (or at leastthe appliedresultsof it) areused
everydayin the organizatian and allocationof resourcesThese'real life" systemscanhave
dozensor hundredsof variablesor more. In algebrathough,you'll only work with the

simple(andgraphable)Ywo-variablelinearcase.

Thegeneralprocesdor solvinglinearprogrammingexercisessto graphthe inequalities
(calledthe "constraints")to form awalled-off areaon the x,y-plane(calledthe "feasibility
region"). Thenyoufigure out the coordinatesof the cornersof this feasibilityregion(that is,
youfind the intersectionpoints of the variouspairsof lines),andtest thesecornerpointsin
the formula (calledthe "optimizationequation™)for whichyou'retryingto find the highest

or lowestvalue.

TheDecisiorVariablesThevariablesn alinearprogramare a setof quartities that needto
be determinedin orderto solvethe problem;i.e.,the problemis solvedwhenthe best
valuesof the variableshavebeenidentified. Thevariablesare sometimescalleddecision
variablesbecausehe problemisto decidewhat valueeachvariableshouldtake. Typically,

the variablesrepresentthe amountof aresourceto useor the levelof someactivity.

TheObjectiveFunction:Theobjectiveof alinearprogrammingproblemwill be to maximize
or to minimizesomenumericalvalue.Thisvalue maybe the expectednet presentvalueof a

projector aforest property; or it maybe the costof a project;

TheConstraintsConstraintgddefinethe possiblevaluesthat the variablesof alinear
programmingproblemmaytake. Theytypicallyrepresentresourceconstraints,or the

minimumor maximumlevelof someactivity or condition.

LinearProgrammingProblemFormulation:We are not goingto be concernedwith the
guestionof how LPproblemsare solved.Instead,we will focuson problemformulationt
translatingrealworld problemsinto the mathematicalequationsof a linearprogramt and
interpretingthe solutionsto linearprograms We will let the computersolvethe problems

for us. Thissectionintroducesyouto the processof formulatinglinear programs. Thebasic
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stepsin formulationare: 1. Identify the decisionvariables?2. Formulatethe objective

function;and 3. Identify andformulate the constraints 4. Atrivial step,but one you should
not forget, is writing out the non-negativityconstraints.Theonly wayto learnhow to

formulate linear programmingproblemsisto doiit.

Thecorner points are the verticesof the feasibleregion.Onceyou havethe graphof the
systemoflinear inequalities then you canlook at the graphand easilytell wherethe corner
points are. Youmayneedto solvea systemof linear equationsto find someof the

coordinatesof the points in the middle.
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Chapter 13 Probability

Definition:  Twoeventsare dependentif the outcomeor occurrenceof the first affects

the outcomeor occurrenceof the secondsothat the probabilityis changed.

Theconditionalprobability of an eventBin relationshipto aneventAisthe probabilitythat
eventB occursgiventhat event A hasalreadyoccurred.Thenotation for conditional

probabilityis P(B|A)[pronouncedasprobability of eventB givenA].

Thenotation usedabovedoesnot meanthat Bisdividedby A. It meansthe probability of
eventB giventhat event A hasalreadyoccurred.Thenotation usedabovedoesnot mean
that Bisdividedby A. It meansthe probabilityof eventB giventhat eventA hasalready

occurred.
Whentwo events,A and B, are dependent,the probability of both occurringis:

P(AandB) = P(A) P(BJA)

Definition: Twoevents,AandB,areindeperndent if the fact that A occursdoesnot

affectthe probability of Boccurring.

Someother examplesof independenteventsare:
Landingon headsafter tossinga coin ANDrollinga 5 on a single6-sideddie.
Choosinga marblefrom ajar ANDlandingon headsafter tossinga coin.

Choosinga 3 from a deckof cards,replacingit, ANDthen choosinganaceasthe

secondcard.

Rollinga4 on asingle6-sideddie, ANDthen rollinga 1 on a secondroll of the die.

MultiplicationRulel: Whentwo events,AandB,areindependentthe probability of

both occurringis:
P(AandB)=P(A)- P(B)

Summary: Theprobability of two or more independenteventsoccurringin
sequencecanbe found by computingthe probability of each

eventseparatelyandthen multiplyingthe resultstogether.
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Summary: Theprobability of two or more independenteventsoccurringin

sequencecanbe found by computingthe probability of each

eventseparatelyandthen multiplyingthe resultstogether.

Summary:  Theprobability of two or more independenteventsoccurringin sequence
canbe found by computingthe probability of eacheventseparately andthen multiplying

the resultstogether.
. | & thepram

Bayestheorem (alsoknownasBayesrule) is a usefultool for calculatingconditioral

probabilities.Bayestheorem canbe statedasfollows:

Bayestheorem. LetAq, Ay, ..., An be asetof mutually exclusiveeventsthat togetherform
the samplespaceS.LetBbe anyeventfrom the samesamplespace suchthat P(B)> 0.

Then,

P(A« B)

P(A| B) =
P(AL B)+P(Ac B)+...+P(

An B)

Bayestheorem (asexpressedbove)canbe intimidating. However it reallyis easyto use.
Theremainderof this lessoncoversmaterialthat canhelp youunderstandwhenandhow to

applyBayestheoremeffectively.

Whento Apply BayesTheorem

Partof the challengen applyingBayestheoreminvolvesrecognizinghe typesof problems
that warrantits use.YoushouldconsiderBayestheoremwhenthe following conditions

exist.

Thesamplespaceis partitioned into a set of mutually exclusiveevents{ A, Ao, . . .,
Anl}.

Within the samplespacethere existsan eventB, for whichP(B)> 0.



http://stattrek.com/Help/Glossary.aspx?Target=Sample_space
http://stattrek.com/Help/Glossary.aspx?Target=Set
http://stattrek.com/Help/Glossary.aspx?Target=Mutually_exclusive
http://stattrek.com/Help/Glossary.aspx?Target=Event
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Theanalyticalgoalisto computea conditionalprobability of the form: P(A«| B).

Youknow at leastone of the two setsof probabilitiesdescribedoelow.
P(A« B)for eachA«
P(A«) andP(B| A«)for eachA«
RandomvVariable

Whenthe valueof avariableis determinedby a chanceevent,that variableis called

arandomyvariable

Discretevs. ContinuousRandomVariables

Randomvariablescanbe discreteor continuous

Discrete Within arangeof numbers,discretevariablescantake on only certain
values.Supposefor example that we flip a coinand countthe numberof heads.
Thenumberof headswill be avaluebetweenzeroand plusinfinity. Within that
range,though,the numberof headscanbe only certainvalues.Forexample the
numberof headscanonly be awhole number,not a fraction. Therefore the number
of headsis a discretevariable.Andbecausehe numberof headsresultsfrom a

randomprocess- flippinga coin- it isa discreterandomvariable.

Continuous Continuousrariablesjn contrast,cantake on anyvaluewithin arange
of values.Forexample supposewe randomlyselectanindividualfrom a population.
Then,we measurethe ageof that person.In theory, his/her agecantake

on anyvaluebetweenzeroand plusinfinity, soageis a continuousvariable.In this
example the ageof the personselectedis determinedby a chanceevent; so, in this

example ageis acontinuousrandomvariable.
Probability Distribution

A probability distribution isatable or an equationthat linkseachpossiblevaluethat

arandomvariablecanassumewith its probability of occurrence.

DiscreteProbability Distributions

Theprobability distribution of a discreterandomvariablecanalwaysbe representedby a

table. Forexample supposeyouflip a cointwo times. Thissimpleexercisecanhavefour

possibleoutcomes:HH,HT,TH and TT.Now, let the variableXrepresentthe numberof


http://stattrek.com/Help/Glossary.aspx?Target=Variable
http://stattrek.com/Help/Glossary.aspx?Target=Discrete%2520variable
http://stattrek.com/Help/Glossary.aspx?Target=Continuous%2520variable
http://stattrek.com/Help/Glossary.aspx?Target=Random%2520variable
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